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An approximate solution is obtained to the problem of fluid flow through a pipe with or i f ices ,  
in close agreement  with the solution obtained numerical ly .  

An analytical solution has been obtained in [1] to the hydraulic problem concerning the steady flow 
of a viscous incompress ib le  fluid through a pipe with or i f ices  and a stop at one end, the orif ices assumed 
there  to be distributed evenly with a constant  total a rea  per unit pipe length. The exact solution to this 
problem is tmwieldy and not suitable for pract ical  design calculations,  however,  as evidenced by the fact 
that  the author offers a solution obtained numer ica l ly  as an al ternat ive.  In this ar t ic le  here  we propose 
a method of finding an approximate solution to the problem,  one which agrees  closely with the solution 
obtained numerica l ly .  

With a square- law drag,  the flow equations for a viscous fluid are  [2]: 

= -  T '  - - - L -  " ( i )  

At the pipe entrance one may stipulate ei ther  the p res su re  or the velocity. For  the purpose of com-  
par ison with the resul ts  in [1], we will stipulate the entrance p re s su re .  In this case the boundary condi-  
tions become 

p (0) = P0, v (t) = 0. (2) 

Changing in (1)-(2) to dimensionless  var iable ,  we obtain 

(2• ~ --', q~)' ---- - -~u  2, u' = --~ V~-, (3) 

r (0) ----- I, u (l) ---- O. (4) 

We seek an approximate solution to (3)-(4) in the form 

z) ~, (5) u =  ~.~ a i (1 - -  
i = l  

q ) ~  " ~  i=1 " " 

Such a choice of u and ~ sat isf ies  the second of Eqs. (3) and the second of conditions (4). Fur ther  
using the f i rs t  of conditions (4), we obtain 

n ly.,a=l 
i = l  

Letting z = 1 in the f i r s t  of Eqs.  (3), we obtain 

r (1) =0 .  

(7) 

(8) 
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Fig.  1. Re la t ions  u0(a) 
and 91(~). 

T he  addi t ional  n - 2  condi t ions  needed  for  d e t e r m i n i n g  the coef f ic ien ts  a i 
wil l  be  fotmd f r o m  the r e q u i r e m e n t  that  u and ¢ s a t i s fy  not  the f i r s t  of  Eqs.  (3) 
bu t  the  in teg ra l  r e l a t ions  d e r i v e d  f r o m  (3) by  in tegra t ing  it with r e s p e c t  to z 
f r o m  0 to 1, a f t e r  both s ides  have been mul t ip l ied  by zk:  

1 l 

i" z~ (2×u= ÷ ~)' dz  = - -  ~ ('~2z!~ d z  (/~ = O, 1 . . . . .  n - -  3). (9) 
6 b 

It  is to  be noted  that  this  method is ana logous  to the K a r m a n -  Po lhausen  
method in the i r  b o u n d a r y - l a y e r  t h e o r y  [3]. 

Wi th  the l e f t -hand  s ide  of (9) in tegra ted  by p a r t s ,  the second  of Eqs .  
(3) and the b o u n d a r y  condi t ions  (4) yie ld  the  fol lowing r e l a t i ons :  

(k =-1), (:to) 

1 

, ( u ~ d z  = - -  ~, (]) + 1 + 2×u ~- (0), 

1 

Ii • u ( 2 × k - - , z )  u +  0-~ J (0) 
0 

I 

u L 0-3 o' -':- u ( 2 × k - ~ z ) z  - - k ( k  1_____~) iZk_2d z = ~p (1) (2 ~.:'. k . ( n - -  3). 
,., 0 -2 J " ~. 
0 

Equat ions  (7), (8), and (10) a r e  suf f ic ien t  fo r  de t e rmin ing  n coef f ic ien t s  a i. 

L e t  us comple te  the ca lcu la t ions  fo r  the spec i f i c  ca se  n = 3 and ~ = const .  F o r  condi t ions  (3) and (8) 
follows h e r e  tha t  

al = o - - 3 a ~ - - 2 a  v a~= O. (11) 

Using then the f i r s t  of  Eqs .  (10), we find 

a 3 : _ 0 , 5 i ( 6  , 8 ~  8zo - -  6 + - - - - 8 × ~  
!/,0- ~- 5 _ 0" 5 

- - 4 k o 2 - - 8 × - -  35 , \  3 i ( , o 7 - - - 8 ; : ÷ ~  - - ]  " 
(12) 

When ~ << 1, we have  the fol lowing e x p r e s s i o n s :  

0"3 ' I 2 

Curves  of u 0 and ~o t as f tmetions of ~ have been plot ted in Fig.  1 (solid l ines)  a c c o r d i n g  to f o r m u l a s  

u = a3 (1 - - z )  a + (~ - - 3 a . ) ( 1  - -  z), 
1 (13)  

= ~ (c; + 3a3z ~ - -  6a~z) 2, 

with a 3 d e t e r m i n e d  f r o m  (12) for  e / ¢  = 0.256. 

A c o m p a r i s o n  between these  cu rves  and ana logous  ones in Fig.  2 of  [ i] ,  a f t e r  obvious  c o r r e c t i o n s  
have  been made  in the l a t t e r  ((p~ cu rve  begins  not  at 0 but a t  1), and a e o m p a r i s o n  be tween u and 9 p ro f i l e s  
fo r  va r ious  va lues  of  g indicate  tha t  f o r m u l a s  (12) and (13) y ie ld  r e su l t s  c lose  to those  obta ined n u m e r i -  
caUy.  

N O T A T I O N  

P 
34  

is the dens ity of fluid in a pipe; 
is the C o r i o l i s  coeff ic ient ;  
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v = v ( x )  

p = p(x) 

P0 = p(0); 
z = x / L ,  
U = V~-'/~O, 

= P/P0 

a re  the total  and the r e f e r r e d  coeff icient  of  d rag  in  a pipe; 
is the ra t io  of total  or i f ice  a r e a  in pipe wall to inside c ross  sect ion of a pipe; 
is the longitudinal coordinate  (0 -< x -< L); 
is the mean axial  ve loc i ty  of fluid in a pipe; 
is the gage p r e s s u r e  (above outside p r e s s u r e )  in a pipe; 

a r e  the d imens ion less  longitudinal coordinate ,  mean axial  veloci ty ,  and gage p r e s s u r e  in 
a pipe.  
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